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I. INTRODUCTION 

It was shown i n  the technical  memorandum by James, Kelly,  and 

Lowry [ l]  t h a t  coning motion about a reference ax i s  i n  a r i g i d  

body could produce a ne t  

a x i s  even though wr d t  

the  r i g i d  body about the 
s 

angular r o t a t i o n  about the reference 

= 0, where or i s  the angular ve loc i ty  of 

reference ax i s .  To be more s p e c i f i c ,  i f  

a r i g i d  body i s  ro ta ted  about two axes perpendicular t o  each other  

and t o  the reference axis i n  such a manner t h a t  the  reference 

axis generates  a cone and then r e tu rns  t o  i t s  o r i g i n a l  alignment, 

then the r i g i d  body w i l l  have ro ta ted  about the reference a x i s  

an  amount equal  t o  the a rea  swept  out on a u n i t  sphere whose center  

is a t  the o r i g i n  of the coordinate system of the body, while the 

J r  o dt = 0. Since the i d e a l  SAP measures the angle @,=Jur  d t ,  

coning motion w i l l  cause the SAP t o  r o t a t e  about i t s  reference a x i s  

even though t h i s  r o t a t i o n  w i i l  not  show up i n  8. Such i s  not the 

case with the a n a l y t i c  platform s ince  the transformation i s  based 
. .  

on the rate of the change of the 8 outputs  of the SAP'S, not on 

the 8's themselves. 

I n  the r epor t  by Lowry [ 2 ] ,  i t  was shown t h a t  the so lu t ion  t o  

a s e t  of d i f f e r e n t i a l  equations, knowing the exact  angular ve loc i ty  

I 

of a veh ic l e  and i n i t i a l  o r i en ta t ion  of the vehic le  with respec t  

t o  an i n e r t i a l  reference,  would y i e l d  the new o r i en ta t ion  of the 

vehic le .  I f  the SPS's a r e  exact,  the  r a t e  of change of t h e i r  8 



outputs will be the exact angular velocities about their reference 

axis. 

angular velocities of the vehicle for the analytic platform, then 

the vehicle orientation will be known even though the SAP's could 

be in error due to coning motion. 

If the outputs of the SAP's are used to provide the exact 

One question concerning the analytic platform is the uniqueness 

of the solution, i. e., if the exact angular velocity of the vehicle 

is known, is the solution to the transformation differential equations 

unique? The answer is yes and uniqueness is proven in the following 

sect ion. 



11. UNIQUENESS OF TRANSFORMATION SOLUTION 

L e t  

de f ine  a set of f i r s t  order d i f f e r e n t i a l  equations. Let 

fi(xl, x 2 , * * * ,  X n ,  t) be n r e a l  valued functions of the  n+l r e a l  

v a r i a b l e s  x l , o e o ,  Xn, t defined and continuous* on an open 

reg ion  6 of an (l+n)-dimensional euclidean space. I f  f i (x1 ,  x2, o o e , ~ ,  t) 

s a t i s t i e s  Lipschi tz  conditions,  presented i n  (2), then the re  e x i s t s  

a unique s o l u t i o n  s a t i s f y i n g  the given i n i t i a l  condi t ions ,  The 

formal theorem and i t s  proof may be found i n  almost any standard 

t e x t  on advanced d i f f e r e n t i a l  equations; the  book by Nemytskii and 

Stepanov [ 3 ]  presents  an exce l len t ,  though formal, proof f o r  the  

proof i n  a more readable form f o r  t h e  engineer. 

The Lipschi tz  condi t ion  is: 

f o r  any two p o i n t s  (xl*, x2* ,000 ,  %*, t) and (xl + '  , x2 + , o o p  , xn + , t) 

i n  6. L i s  a constant and i s  r e f e r r e d  t o  as the  Lipschi tz  constant.  

*That fi(xi, x2,eee, 5, t )  i s  continuous i n  xi and t s h a l l  
' o i n t  c o n t i n u i t  ; t h a t  i s ,  given E > 0, the re  e x i s t s  a 6 > 0, ZZ ' q f i ( x l . e * e ,  xn t )  - f i ( x l l ,  x21,eeoI xn', t '> l  < 

whenever 1 X i  - Xi'I < 6  and it - t 'l < 6. 
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One method o f  s a t i s f y i n g  the Lipschi tz  conditions i s  t o  use 

the  Law of t he  Mean [5,6]. 

( l ) ,  t he  following r e s u l t s  are obtained: 

By applying i t  t o  the  functions i n  

- 
where x j  l i e s  between x.* and x +. Taking the  absolu te  value of ( 3 ) ,  J j 

a f i  

The 5E are assumed t o  e x i s t  and t o  be continuous for iy j = l , * . e ,n .  
- J- a f i  

ax I f  t h e '  - are bounded, then the re  w i l l  be a Lij such t h a t  
J 

J 

Let  

and then s u b s t i t u t e  (6) i n t o  ( 4 )  e 

which is  a l s o  t h e  Lipschi tz  conditions. 

From the  r epor t  by Lowry [2],  t he  following d i f f e r e n t i a l  equations 

r e l a t i n g  the  transformation matrix (from a veh ic l e  coordinate system 
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8 
to a space-fixed coordinate system) t o  the  angular v e l o c i t i e s  of  

one of the  coordiante systems (vehic le  coordinate system) a r e  

presented below. 

0 

where 

- 
‘11 - ‘12 ‘2 - ‘13 ‘y . . 

0 

‘21 = ‘22 ‘z - ‘23 ‘y . 0 . 
= c ’ 0 - c22 QX ‘23 21 y 

. . 

is t he  angular v e l o c i t y  of the veh ic l e  and 

By applying the Law of the Mean t o  the  right-hand s i d e  of (8a), 
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(8b), and (8c)  and taking the  absolute  values ,  i. e., applying (4) 

t o  (8a), (8b), and (84, the  following equations may be obtained: 

The right-hand s ides  of .(8a), (8b), and (8c) a re  continuous and 

bounded, and the angular ve loc i t i e s  of the  vehic le  a r e  continuous 

and bounded. 

taken as the maximum value of 

eubetftuted into (11) in place of all. the 161 ' 6 ,  

Equation (11) i s  t h e  Lipschi tz  condi t ion i f  L i s  
0 

I O y ]  o r  lGzl and t h i s  value 

Thefefore, the 

soultions to (8a), (8b), and (8c) are unique for a,  given set  of 

i n i t i a l  conditions.  1 
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